We show that the minimum number of edges in a graph on n vertices with oriented chromatic number n is (1 + o(1))n log 2 n.
Let us consider rst an extremal question closely related to Erd} os's original problem. A colouring of the vertices of a graph G whose edges are initially coloured with k colours is admissible, if every colour class spans an independent set and each pair of colour classes is joined by edges of one colour only. After Alon and Marshall 1], we de ne the k-chromatic number k (G) of G as the minimal number`such that for any colouring of edges of G with k colours there exists an admissible`-colouring of the vertices of G. Finally, by f k (n) we denote the minimum number of edges in a graph G on n vertices for which k (G) = n. We shall show that for any xed k the function f k (n) grows roughly as n log k n. Theorem 1. For a xed k 2 and n large enough n(log k n ? 4 log k log k n ? 5) f k (n) dlog k ne(n ? dlog k ne) :
Proof of Theorem 1. In order to see the upper bound for f k (n) observe that the complete bipartite graph on n vertices, with bipartition (W ; z 0 g must di er as well. Hence, every admissible colouring of the vertices of such a coloured graph must use di erent colours for di erent vertices, i.e. the k-chromatic number of the graph equals n.
The proof of the lower bound for f k (n) is slightly less immediate. Let G be a graph with n vertices and e(G) n(log k n ? 4 log k log k n ? 5) edges, which are coloured with k colours. We need to show that for each such colouring there exists an admissible colouring of the vertices of G which uses only n ? 1 colours.
Our argument will be based on the following observation (see Tuza 5] Now let us return to Erd} os's original question. Recall (see 2{4]) that the oriented chromatic number of a graph G is de ned as the smallest number`, such that for every orientationG of G there exists a tournamentT(G) onv ertices such thatG can be homomorphically embedded intoT(G). Let g(n) be the smallest number for which there exists a graph G with n vertices, g(n) edges, and the oriented chromatic number n. It is not hard to see that G has the above property if and only if in some orientationG of G each pair of non-adjacent vertices of G is connected by a directed path of length two. Hence, after a quick look at the proof of Theorem 1 for the case k = 2, one can easily modify it and arrive at the following answer to Erd} os's problem.
Theorem 2. If n is large enough then n(log 2 n ? 4 log 2 log 2 n ? 5) g(n) dlog 2 ne(n ? dlog 2 ne) : 2
We conclude with a few words on the expected behaviour of f k (n) and g(n). It is tempting to conjecture that the upper bounds given in Theorems 1 and 2 are close to the truth and f k (n) = n log k n+O(n) and g(n) = n log 2 n+O(n), where the term O(n) depends on the arithmetic properties of n. On the other hand, we should mention that the elementary bipartite construction we used to get the upper bound for f k (n) is far from being best possible. For instance, one can modify it slightly by deleting one vertex from the smaller set of the bipartition at the same time adding a perfect matching to the larger of the sets; the graph obtained in such a way has k-chromatic number n ? 1 and, typically, less than dlog k (n?1)e(n?1?dlog k (n?1)e edges. Furthermore, if we have a family of graphs G 1 ; G 2 ; : : : ; G r , such that G i has n i vertices and the k-chromatic number n i , then the graph 1 + P r i=1 G i obtained by taking disjoint copies of G 1 ; G 2 ; : : : ; G r and adding to it one more vertex of degree P r i=1 n i has the largest possible k-chromatic number as well. Hence, one can take small \extremal" graphs and build out of them graphs with a large kchromatic number, which also improve the upper bound for f k (n) given in Theorem 1. The same observation applies for the oriented chromatic number; the Reader can easily provide examples of sparse small extremal graphs for this problem with n vertices and less than dlog 2 ne(n ? dlog 2 ne) edges, and describe a recursive construction of obtaining such an extremal graph out of two smaller ones. However, to nd an exact guess for the structure of the extremal graphs does not seem to be easy for us.
